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Abstract
In this work, we describe the geometric and probabilistic properties of a noncommutative
2− torus in a magnetic field. We study the volume invariance, integrated scalar curvature and
volume form by using the method of perturbation by inner derivation of the magnetic Laplacian
in the noncommutative 2−torus. Then, we analyze the magnetic stochastic process describing the
motion of a particle subject to a uniform magnetic field on the noncommutative 2− torus, derive
and discuss the related main properties.
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1 Introduction
Noncommutative geometry (NG), initiated by Alain Connes [5], is an exciting dynamic research
area of mathematics with applications in physics, greatly developed over the last decades (see
[15], [21] and references therein). The Gelfand Naimark theorem [24] which gives an anti-
equivalence between the category of locally compact Hausdorff spaces and the one of commuta-
tive C∗-algebra A, is the starting point of noncommutative topology [23] , [24]. The correspon-
dence is given by the mapX −→ C0(X), where C0 is the algebra of continuous complex valued
functions [36]. Thus, one thinks of noncommutative C∗-algebras as noncommutative topological
spaces and tries to apply topological methods to understand them [36].
Sakamoto and Tanimura in [34], extended the Fourier analysis for the noncommutative n−
torus in a magnetic field. In particular, they studied the solutions of the Schro¨dinger equation
in a uniform magnetic field for the noncommutative n− torus. They defined a magnetic algebra
and showed that, when the space of functions is an irreductible representation space of this alge-
bra, it characterizes the quantum mechanics in the magnetic torus. In addition, they solved the
eigenvalue problem of the Laplacian for the magnetic torus, and provided simple forms for all
eigenfunctions.
In [3], Chakraborty, Goswami, and Sinha studied, in a noncommutative 2−torus, the effect of
perturbation by inner derivation on the quantum stochastic process and geometric parameters like
the volume and the scalar curvature. Their cohomological calculations showed that the above per-
turbation produces new spectral triples. They also obtained, for the Weyl C∗-algebra Aθ,(algebra
of noncommutative 2-torus developed in [32]), the Laplacian associated with a natural stochastic
process and computed the associated volume form.
The purpose of our paper is to elucidate the geometric and stochastic properties of a noncom-
mutative 2-torus in a uniform magnetic field. Especially, we define a 2-torus noncommutative
magnetic Laplacian, and derive the related magnetic quantum stochastic differential equation on
the line of the construction given in [3], [17], [18], and [35]. Further, from the Weyl asymptotics
for the constructed C∗− algebra Dθ, we obtain the volume and integrated scalar curvature for
the 2-torus, and investigate their invariance under perturbation by inner derivation of the non-
commutative magnetic Laplacian. The volume form invariance is also analyzed. Finally, using
the magnetic position and momentum operators in a noncommutative 2d space, we establish the
associated magnetic quantum stochastic differential equation, and discuss the properties of its
solution.
The paper is organized as follows. In section 2, we briefly recall the basic definitions and
properties of the magnetic Laplacian. In section 3, we construct and discuss the associated mag-
netic quantum stochastic diffusion equation. In section 4, we introduce the volume, the integrated
scalar curvature using Weyl asymptotics for the C∗-algebra of the noncommutative 2- torus, and
study their invariance under the perturbation of the noncommutative magnetic Laplacian. In sec-
tion 5, we investigate the invariance of the volume form under the above perturbation and explore
the spectral triple on Dθ . The magnetic quantum stochastic differential equation in the case of
a noncommutative 2d-dimensional space is investigated and analyzed in Section 6. Section 7 is
devoted to some concluding remarks.
2 Basic properties
We consider a finite dimensional real vector space V equipped with a positive defined inner prod-
uct 〈 , 〉. Let θ be an irrational number in [0, 1]. The irrational rotation C∗− algebra Dθ is, by
2
definition, the C∗− algebra generated by two unitaries symbols X and Y satisfying [3]
X Y = e2πiθY X. (2.1)
LetH be the Hilbert space of square integrable functions L2, and T1 the circle.
There are many important representations π1 and π2 of the C
∗− algebra Dθ, given by the
following relations [3, 36]:
• LetH = L2(T1), g ∈ H, λ ∈ C, and v ∈ T1, then
(π1(X)g)(v) = g(λv) , (π1(Y )g)(v) = v g(v). (2.2)
• LetH = L2(T1), g ∈ H, and v ∈ T1, then
(π2(Y )g)(v) = g(λ¯v) , (π2(X)g)(v) = v g(v). (2.3)
• LetH = L2(R), g ∈ H, and u ∈ R. then
(π3(X)g)(u) = g(u+ 1) , (π3(Y )g)(u) = λ
u g(u). (2.4)
There is a continuous action of T2, T = R/2πZ, on Dθ by C
∗− algebra automorphism {αx},
x ∈ R2, defined as follows [10]
αx
(
Xn1 Y n2
)
= eix〈n1,n2 〉Xn1 Y n2 , (2.5)
where n1, n2 ∈ Z.
The space of smooth elements for this action, that is those elements a ∈ Dθ for which the
map x 7→ αx(a) is C
∞, will be denoted by D∞θ :≡ C
∞(T2θ). It is a dense ⋆-subalgebra of Dθ
and can alternatively be described as the space of elements of the form
∑
n1,n2∈Z
an1n2X
n1 Y n2 ,
an1n2 ∈ R
∗ with rapidly decreasing coefficients [13]:
D∞θ ≡


∑
n1,n2∈Z
an1n2X
n1 Y n2 ; sup
m,n∈Z
(|n1|
k|n2|
q|an1n2 |) <∞, ∀k, q ∈ Z

 . (2.6)
There exists a unique faithful trace ϕ on Dθ defined as follows
ϕ

 ∑
n1,n2∈Z
an1n2X
n1 Y n2

 = a00. (2.7)
We consider the inner product
〈u, v 〉 = ϕ(v∗u) , u, v ∈ Dθ. (2.8)
The derivations dj : D
∞
θ −→ D
∞
θ , j ∈ {1, 2} associated to the group of automorphisms {αx}
are given by the following relations [3],
d1(X) = X , d1(Y ) = 0 , (2.9)
3
d2(X) = 0 , d2(Y ) = Y . (2.10)
A theorem by Bratteli, Elliot, and Jorgensen [2] describes all the derivations ofDθ which map
D∞θ to itself: for almost all θ (Lebesgue), a derivation is of the form
d =
2∑
j=1
bjdj + [r, .], with r ∈ D
∞
θ , bj ∈ C. (2.11)
Consider an orthonormal basis e1, e2 for V . Then the restriction of the above map d defines
commuting derivations di := d(ei) : D
∞
θ → D
∞
θ , i ∈ {1, 2} satisfying
di(Xj) = dijXi, (i, j) ∈ {1, 2}. (2.12)
The dj’s are the analogues of the differential operators
1
i
∂
∂uj
acting on smooth functions on the
ordinary torus. We have
dj(a
∗) = −dj(a)
∗, (2.13)
for j ∈ {1, 2} and a ∈ D∞θ . Moreover, since ϕ ◦ dj = 0, for all j, we have the analogue of the
formula for integration by parts:
ϕ(adj(b)) = −ϕ(dj(a)b), a, b ∈ D
∞
θ . (2.14)
Using all these derivations, we can define the Laplacian △ : D∞θ → D
∞
θ such that
△ ≡
2∑
i=1
d2i . (2.15)
We note that the Laplacian △ is independent of the orthonormal basis’s choice (e1, e2). All the
above derivations are studied in the Hilbert space H = L2(Dθ, ϕ) and the family {V
l}l∈Zn forms
an orthonormal basis in H [28, 36].
Theorem 2.1 [3] The canonical derivations dj , j ∈ {1, 2} are self-adjoint on their domains:
Dom(d1) =
{∑
an1n2X
n1 Y n2 |
∑
(1 + n21)|an1n2 |
2 <∞
}
(2.16)
Dom(d2) =
{∑
an1n2X
n1 Y n2 |
∑
(1 + n22)|an1n2 |
2 <∞
}
, (2.17)
where Dom(d) is the domain of d.
Moreover if we denote by dr := [r, .] with r ∈ Dθ ⊂ L
∞(Dθ, ϕ) acting as left multiplication in
H, then dr
∗ = dr∗ ∈ B(H), the space of bounded functions on H.
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3 Noncommutative magnetic Laplacian and diffusion on Dθ
3.1 Construction of the magnetic quantum stochastic diffusion
Let us now derive the quantum stochastic differential equation on the C∗− algebra Dθ follow-
ing the canonical construction of quantum stochastic flow or diffusion on a von Neumann or a
C∗− algebra A associated with a completely positive semigroup on A. For more details on such
a canonical construction, see [17], [18] and references therein. Sauvageot in [35] studied semi-
groups which have a local generator L characterized by:
• D ⊆ Dom(L) ⊆ A ⊆ B(H), dense in A such that D itself is a ∗-algebra;
• A ∗-representation π in some Hilbert space H1 and an associated π derivation δ such that
δ(x) ∈ B(H,H1) and δ(xy) = δ(x)y + π(x)δ(y);
• A second order cocycle relation: L(x∗y)− L(x)∗y − x∗L(y) = δ(x)∗δ(y), for x, y ∈ D.
By analogy to the classical case, L is called the noncommutative Laplacian or Lindbladian.
In this work concerning the magnetic field in the noncommutative 2−torus, we consider the
notation d = ∂∂t , the coordinate (t1, t2) and dj =
∂
∂tj
, for each j ∈ {1, 2}. We denote by U(1)
the unitary symmetric group.
Definition 3.1 The component of the U(1) gauge field is defined as follows:
Gk =
1
2
2∑
j=1
ψjktj + βk, (3.1)
where k ∈ {1, 2}, {βk} are real numbers and {ψjk} are integers such that {ψjk = −ψkj}.
The gauge G =
2∑
k=1
Gkdtk generates a uniform magnetic field
B =
1
2
2∑
j=1
2∑
k=1
ψjkdtj ∧ dtk, (3.2)
Definition 3.2 The magnetic Laplacian in a noncommutative 2− torus, ∆m : D∞θ −→ D
∞
θ is,
defined by:
∆m :=
2∑
j,k=1
gjk (dj − 2πiGj) (dk − 2πiGk) , (3.3)
where gjk is a metric.
We denote by Lm the noncommutative magnetic Laplacian.
Definition 3.3 The unperturbed and perturbed noncommutative magnetic Laplacians in a non-
commutative 2−torus are given, respectively, by:
Lm0 :=
2∑
j,k=1
gjk (dj − 2πiGj) (dk − 2πiGk) , (3.4)
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and
Lm :=
2∑
j,k=1
gjk (δj − 2πiGj) (δk − 2πiGk) , (3.5)
where δj = dj + drj with j ∈ {1, 2}; r ∈ Dθ and dj is the canonical derivation.
The following Lemma gives the relation between the noncommutative magnetic Laplacian (NCML),
Lm0 (resp. L
m), and the ordinary noncommutative Laplacian (NCL), L0 (resp. L.)
Lemma 3.4 The unperturbed and perturbed noncommutative magnetic Laplacians are given,
respectively, by:
•
Lm0 = L0 + T
0
jk, (3.6)
where
T 0jk =
2∑
j=1
(
πiGjdj + 2π
2G2j
)
+
∑
j 6=k
gjk (dj − 2πiGj) (dk − 2πiGk) , (3.7)
and
•
Lm = L+ Tjk, (3.8)
with
Tjk =
2∑
j=1
(
πiGjδj + 2π
2G2j
)
+
∑
j 6=k
gjk (δj − 2πiGj) (δk − 2πiGk) . (3.9)
Proof :
• Let f be the test function. Then, according to the relation (3.4), and taking the metric
gjj = −1/2, we obtain
2∑
j=1
gjj(dj − 2πiGj)
2f = L0f +
2∑
j=1
(
πiGjdj + 2π
2G2j
)
f. (3.10)
Thus,
Lm0 f = L0f +
2∑
j=1
(
πiGjdj + 2π
2G2j
)
f +
∑
j 6=k
gjk(dj − 2πiGj)(dk − 2πiGk)f, (3.11)
yielding the relation (3.7).
• By Definition 3.5, we get
2∑
j=1
gjj(δj−2πiGj)
2f =
2∑
j=1
gjj
(
δj(δjf)−δj(2πiGjf)−2πiGjδjf−4π
2G2jf
)
. (3.12)
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The computation of the terms in the right hand side of the above equation gives
2∑
j=1
gjj(δj − 2πiGj)
2f =
2∑
j=1
gjj
(
δ2j f − 2πiGjδjf − 4π
2G2jf
)
(3.13)
and the result holds. 
The next Proposition gives the construction of the unperturbed and perturbed magnetic quan-
tum processes.
Proposition 3.5 LetD∞θ be a ∗− subalgebra ofDθ.Consider a Hilbert spaceH and a ∗−representation
π in H1 = H ⊗ C
2 ∼= H ⊕ H defined by π(y) = y ⊗ I . Then, the unperturbed and perturbed
magnetic quantum processes are driven by the triples (π, δm0 ,L
m
0 ) and (π, δ
m,Lm), respectively.
Proof :
(i) Unperturbed magnetic quantum diffusion
• It is obvious to have D∞θ ⊆ Dom(L
m
0 ) ⊆ Dθ ⊆ B(H).
• Taking δm0 =
2∑
j=1
dj , one proves that, for u, v ∈ D
∞
θ , δ
m
0 (u) ∈ B(H,H1) and
δm0 (uv) = δ
m
0 (u)v + π(u)δ
m
0 (v). (3.14)
• Moreover, using Lemma 3.4 and according to [3], we get
Lm0 (u
∗v) = u∗L0(v) + L0(u)
∗v + δ0(u)
∗δ0(v) + T
0
jk(u
∗v). (3.15)
It suffices to verify T 0jk(u
∗v). Using the same idea as in the above part, we get
∑
j 6=k
gjk (dj − 2πiGj) (dk − 2πiGk) =
∑
j 6=k
gjk
(
djdk − Γjk
− 2πiGjdk − 4π
2GjGk
)
. (3.16)
with Γjkf = πi
n∑
j=1
ψjkf . Setting C1 = 4π
2G2j and C2 = 4π
2GjGk+Γjk and using
the assumption that C1 and C2 satisfy the Leibniz rule, we obtain
T 0jk(u
∗v) = T 0jk(u
∗)v + u∗T 0jk(v) (3.17)
and therefore, the result holds.
(ii) Perturbed magnetic quantum diffusion
For the fisrt relation, we perform the same computation as above and obtain:
• D∞θ ⊆ D(L
m) ⊆ Dθ ⊆ B(H).
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• It is obvious to have δm(u) ∈ B(H,H1) and
δm(uv) = δm(u)v + π(u)δm(v), (3.18)
with δm =
2∑
j=1
(dj + drj ).
• According to the expression of the perturbed magnetic Laplacian Lm, the Lemma 3.4,
and [3], we have
Lm(u∗v) = u∗L(v)+L(u)∗v+ δ(u)∗δ(v)+Tjk(u
∗v) for (u, v) ∈ D∞θ . (3.19)
Besides,
Tjk(u
∗v) =
2∑
j=1
(
πiGjδj + 2π
2G2j
)
(u∗v)
+
∑
j 6=k
gjk (δj − 2πiGj) (δk − 2πiGk) (u
∗v). (3.20)
As dj is a derivation and dr = [r, .], r ∈ Dθ, we obtain the same result as in equation
(3.16). Thus, considering the assumption as in the case ofLm0 , and after some algebra,
we obtain
Tjk(u
∗v) = Tjk(u
∗)v + u∗Tjk(v). (3.21)
Therefore, the result holds.

Both the unperturbed and perturbed triples (π, δm0 ,L
m
0 ) and (π, δ
m,Lm) satisfy previous proper-
ties (1), (2), (3) giving rise to two quantum stochastic processes as stated by the theorem estab-
lished in the following section.
3.2 Magnetic quantum stochastic differential equation
In this section, we derive the magnetic quantum stochastic differential equation arising from the
unperturbed and perturbed magnetic quantum stochastic processes, respectively. More details on
the quantum stochastic process can be found in [7, 8, 22, 29] . Let us first recall the following
important statement used in the sequel:
Theorem 3.6 [3]
1. The quantum stochastic differential equation for y ∈ D∞θ

dj0t (y) =
2∑
k=1
j0t (idk(y))dwk(t) + j
0
t (L0(y))dt,
j00(y) = y ⊗ I,
(3.22)
has unique solution j0t which is a ∗-homomorphism from Dθ to Dθ ⊗ B(Γ(L
2(R+) ⊗
C2)). Furthermore j0t (y) = α(exp2πiw1(t),exp2πiw2(t))(y), where (w1, w2)(t) is the clas-
sical Brownian motion in dimension two and Ej0t (y) = e
tL0(y), where E is the vacuum
expectation in the Fock space Γ(L2(R+)⊗ C
2).
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2. The quantum stochastic differential equation inH⊗ Γ:

dUt =
2∑
k=1
Ut{ijt
0(rk)dAk
† + ijt
0(rk
∗)dAk −
1
2
jt
0(rk
∗rk)dt},
U0 = I,
(3.23)
has a unique unitary solution [8]. Putting jt(y) = Utj
0
t (y)U
∗
t , we obtain the quantum
stochastic differential equation :
djt(y) =
2∑
k=1
{jt(iδk(y))dAk
† + jt(iδk
†(y))dAk}+ jt(L(y)) (3.24)
and Ejt(y) = e
tL(y).
Then our main result in this section can be formulated as follows:
Theorem 3.7 (i) Let j0t (x) be the solution of the quantum stochastic differential equation
(3.22). Then, the magnetic quantum stochastic differential equation for x ∈ D∞θ{
df0t (x) = dj
0
t (x) + f
0
t (T
0
jk(x))dt, (j, k) ∈ {1, 2}
f00 (x) = x⊗ I,
(3.25)
admits a unique solution f0t which is a ∗−homomorphism defined as follows:
f0t : Dθ −→ Dθ ⊗ B
(
Γ(L2(R+))⊗ C
2)
)
f0t (x) = j
0
t (x) + F
0
t (T
0
jk(x)), (3.26)
where F 0t is a primitive of f
0
t .
Moreover, the vacuum expectation in the Fock space Γ(L2(R+))⊗C
2) is given by:
Ef0t (x) = exp(tL0)(x) + F
0
t (T
0
jk(x)), (j, k) ∈ {1, 2}. (3.27)
(ii) Let Ut be the solution of the quantum stochastic differential equation(3.23). Then, the
magnetic quantum stochastic differential equation inH⊗ Γ:{
dVt = dUt + Vtf
0
t (Rlk)dt
V0 = I,
(3.28)
where
Rlk = −1/2
2∑
l=1
(r∗l (2πiGl) + 2πiGlrl) +
∑
l 6=k
(r∗l − 2πiGl)(rk − 2πiGk), (3.29)
has a unique unitary solution.
Putting ft(x) = Vtf
0
t (x)V
∗
t leads to the following magnetic quantum stochastic differential
equation:
dft(x) = dgt(x) + ft(R˜lk(x))dt, (l, k) ∈ {1, 2}, (3.30)
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where R˜lk(x) = Rlkx+xR
∗
lk, and gt(x) satisfies the quantum stochastic differential equa-
tion.
Furthermore, the solution of (3.30) and the vacuum expectation are given by:
ft(x) = jt(x) + Ft(R˜lk(x)), (3.31)
and
Eft(x) = exp(tL)(x) + Ft(R˜lk(x)), (3.32)
respectively; Ft is a primitive of ft.
Proof:
(i) From the construction of the unperturbed magnetic quantum process, we get

df0t (x) =
2∑
k=1
f0t (idk(x))dwk(t) + f
0
t (L
m
0 (x))dt
f00 (x) = x⊗ I,
(3.33)
where (wk)k∈{1,2} is a classical 2− dimensional Brownian motion.
Since the noncommutative Brownian motion is dw = dA + dA†, thus the equation (3.33)
is equivalent to{
df0t (x) = f
0
t (δ
†(x))dA + f0t (δ(x))dA
† + f0t (η(x))dt,
f00 (x) = x⊗ I
(3.34)
where δ and η are the map structures satisfying
η(xy) = η(x)y + xη(y) + δ†(x)δ(y). (3.35)
Moreover, if δ and η are bounded in B(H), then there exists a unique quantum diffusion
f0(t) which satisfies (3.34) [8]. In our case,
δ(x) =
2∑
k=1
idk(x) and η(x) = L
m
0 (x), (3.36)
both satisfying
Lm0 (x
∗y)−Lm0 (x
∗)y − x∗Lm0 (y) = δ(x)
∗δ(y). (3.37)
since dj : D
∞
θ −→ D
∞
θ , j ∈ {1, 2} are the canonical derivations. By definition of L
m
0 , we
deduce that both the two operators are bounded. Therefore, the equation (4.48) admits a
unique quantum diffusion f0t .
According to the Lemma (3.4), the equation (3.33) can be also written as follows:

df0t (x) =
2∑
k=1
f0t (idk(x))dwk(t) + f
0
t (L0(x))dt+ f
0
t (T
0
jk(x))dt
f00 (x) = x⊗ I.
(3.38)
According to [3], the equation (3.25) holds, since dg0t (x) admits a unique solution [3].
Therefore, the equation (3.25) has a unique solution.
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Using the relation (3.33) and the linearity of the vacuum expectation, we obtain
Ef0t (x) = f
0
0 (x) +
∫ t
0
E
(
h0s(L
m
0 (x))
)
ds. (3.39)
A similar computation as in [29] implies that
Ef0t (x) = e
tLm0 (x). (3.40)
Besides, as f00 (x) = g
0
0(x), the integral form of (3.25) is given by:
f0t (x) = j
0
t (x) +
∫ t
0
f0s (T
0
jk(x))ds, (3.41)
and considering the primitive F 0t of f
0
t , we have (3.26). Using the linearity of the vacuum
expectation, we obtain
Ef0t (x) = Ej
0
t (x) + EF
0
t (T
0
jk(x)), (3.42)
and, according to [3], we obtain the result.
(ii) By definition of the quantum Brownion motion and setting dl = rl, for l ∈ {1, 2}, we
obtain, from the relation (3.33), the following equation:

dVt =
2∑
l=1
Vt
(
if0t (rl)dA
†
l + if
0
t (r
∗
l )dAl + f
0
t (L
m
0 )dt
)
V0 = I,
(3.43)
Setting
dV kt = Vt
{
ih0t (rk)dA
†
k + ih
0
t (r
∗
k)dAk + f
0
t (L
m
0 )dt
}
, (3.44)
where k ∈ {1, 2}, then
dVt = dV
1
t + dV
2
t . (3.45)
But, the equation dV 1t is equivalent to
dV 1t = Vtf
0
t (λ
1
µ)dΛ
µ
1 , (3.46)
and using [8], we conclude that (3.46) admits a unique solution, and for k ∈ {1, 2}
dV kt = Vth
0
t (λ
k
µ)dΛ
µ
k (3.47)
admits a unique solution. Therefore, (3.43) admits a unique solution.
Now, we show the unitarity of the solution. As Vt is solution of the (3.43), the adjoint V
∗
t
is also solution of the equation (3.43), and we have
dV ∗t =
2∑
l=1
(−if0t (r
∗
l )dAl − if
0
t (rl)dA
†
l + f
0
t (L
m
0 )V
∗
t . (3.48)
Using Itoˆ’s formula and table, we have d(VtV
∗
t ) = 0. Thus, VtV
∗
t = V0, but V0 = I , and,
therefore, the result follows.
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Furthermore, taking the metric gll = −1/2, for l ∈ {1, 2} and after computation, we obtain
dVt = dUt + Vtf
0
t (Rlk)dt. (3.49)
Thus, we obtain the relation (3.28). Using [3], the result holds.
Putting ft(x) = Vtf
0
t (x)V
∗
t , and according to Itoˆ’s formula and table [8]
dft(x) =
2∑
l=1
ft (i[rl, x]) dA
†
l +
2∑
l=1
ft (i[r
∗
l , x]) dAl +
2∑
l=1
ft(L
m(x))dt, (3.50)
with Lm(x) = xHlk −H
∗
lkx+ xr
∗
l rl. According to [3], we obtain the relation (3.30)
Moreover, using the integral form and the linearity of the vacuum expectation, we get (3.31)
and (3.32), respectively.

4 Weyl asymptotics for Dθ
Let us define the volume and the integrated scalar curvature of Dθ using the Weyl asymptotics,
and their invariance under the perturbation from Lm0 to L
m. For a general discussion on Weyl
asymptotics for torus, see [35], [36], and [5] (and references therein).
The magnetic expectation of the Brownian motion on the manifold is considered as the mag-
netic heat semigroup T mt with the magnetic Laplace-Beltrami operator ∆
m as its generator. Ac-
cording to [33], we consider that T mt is a magnetic integral operator on the space of square inte-
grable functions on M to dvol,
(
L2(M,dvol)
)
, and has the magnetic integral kernel T mt (s, h).
The volume of the manifold is defined as follows [36]:
V ol(M) :=
∫
M
T m(0(e, e) dvol(e). (4.1)
Using [33], the smooth integral kernel admits an asymptotic expansion as t→ 0+. Thus,
V ol(M) =
∫
M
(
T mt (e, e)t
d/2 −
∞∑
l=1
T m(l)(e, e)t−d/2+l
)
dvol(e)
= lim
t→0+
td/2
∫
M
T mt (e, e)dvol(e). (4.2)
Taking the trace in the space
(
L2(M,dvol)
)
, we obtain
V ol(M) = lim
t→0+
td/2TrT
m
t . (4.3)
Moreover, the scalar curvature at e ∈M is given by s(e) = 1/6T m(1)(e, e).
Thus, the integrated scalar curvature is defined as follows:
s =
∫
M
s(e)dvol(e)
=
1
6
lim
t→0+
td/2−1[Tr T
m
t − t
−d/2V ol(M)]. (4.4)
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In the classical case, the magnetic heat semigroup Tmt is replaced by the unperturbed mag-
netic expectation etL
m
0 and the perturbed magnetic expectation etL
m
, respectively. According to
Lemma 3.4 and the fact that L0 and T
0
jk are two commuting operators, we have
T mt = e
t T 0jkTt and T
m
t = e
t TjkTt. (4.5)
For the estimation of the magnetic expectations, we need to study both the unperturbed and
perturbed magnetic Laplacians. In the sequel, we denote by Bp the Schatten ideals in B(H).
Before giving the Proposition summarizing the properties of the unperturbed and perturbed
noncommutative magnetic operators in the case of the noncommutative 2− torus, let us recall the
following important definition and theorem.
Definition 4.1 [31] Let T : Dom(T ) −→ H be a self-adjoint operator and let F : Dom(F ) −→
H be symmetric. We say that F is T− bounded with bound α > 0 if Dom(T ) ⊂ Dom(F ) and
there exists β > 0 so that:
‖Fh‖ ≤ α ‖Th‖+ β ‖h‖ , (4.6)
for all h ∈ Dom(T ).
Theorem 4.2 (Kato-Rellich theorem) [31] Suppose that T is self-adjoint, F is symmetric, and
F is T− bounded with relative bound α ≤ 1. Then, T + F is self-adjoint on Dom(T ) and
essentially self-adjoint on any core of T . Further, if T is bounded below by M , then, T + F is
bounded below byM −Max{ β1−α , α |M |+ β}.
Proposition 4.3 1. Lm0 is a self-adjoint operator in L
2(ϕ) and for n1, n2 ∈ Z, we have
Lm0 (X
n1 Y n2) =
(1
2
(n21 + n
2
2) + ηjk(n1, n2)
)
(Xn1 Y n2), (4.7)
where
ηjk(n1, n2) =
2∑
j=1
(
πiGjnj + 2π
2G2j
)
+
∑
j 6=k
gjk
(
nj − 2πiGj
)(
nk − 2πiGk
)
. (4.8)
2. For rj ∈ D
∞
θ , j ∈ {1, 2}, and self-adjoint, then
(i)
Lm = Lm0 + T
1
jk + T
2
jk, (4.9)
with
T 1jk =
2∑
j=1
gjj
(
d2rj − 2πiGjdrj
)
−
∑
j 6=k
gjk
(
2πiGkdrj + 2πiGjdrk
)
(4.10)
or
T 1jk =
2∑
j=1
gjj(d2rj + ddj(rj) − 2πiGjdrj )− 2πi
∑
j 6=k
gjk(Gkdrj +Gjdrk), (4.11)
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and
T 2jk =


2∑
j=1
gjj(drjdj + djdrj ) +
∑
j 6=k
gjk
(
djdrk + drjdk + drjdrk
)
or
2
2∑
j=1
gjjdrjdj +
∑
j 6=k
gjk
(
djdrk + drjdk + drjdrk
)
.
(4.12)
(ii) T 2jk is compact relative to L
m
0 .
(iii) Lm is self-adjoint onDom
(
Lm0
)
and has a compact resolvent.
Proof:
1. According to Lemma 3.4 and the fact that dj , j ∈ {1, 2} are self-adjoint on their domains,
we deduce that for (j, k) ∈ {1, 2}, T 0jk is self-adjoint on D
∞
θ ⊆ L
2(ϕ) and using [3], we
conclude that Lm0 is self-adjoint. Besides, according to [36], we know the expression of
L0(X
n1Y n2) for n1, n2 ∈ Z and (X,Y ) ∈ Dθ. It is obvious to compute T
0
jk(X
n1Y n2)
and the relation (4.7) holds.
2. (i). Since δ = d+ dr, and according to (3.5), we obtain, respectively,
2∑
j=1
gjj(δj − 2πiGj)
2f =
2∑
j=1
gjj
(
d2j + d
2
rj + djdrj + drjdj
− 2πiGjdj − 2πiGjdrj − 4π
2G2j
)
f (4.13)
and ∑
j 6=k
gjk(δj − 2πiGj)(δk − 2πiGk)f =
∑
j 6=k
gjk
(
djdk + djdrk
+ drjdk + drjdrk
− 2πidjGk − 2πiGjdk
− 4π2GjGk − 2πidrjGk
− 2πiGjdrk
)
f. (4.14)
Using the relations (4.13) and (4.14), the result holds.
(ii) Taking g11 = g22 = −1/2, we get
T 2jk
(
− Lm0 + n
2
)
= A
(
− Lm0 + n
2
)
+Kjk
(
−Lm0 + n
2
)
. (4.15)
According to Lemma 3.4, we have
A
(
− Lm0 + n
2
)
= A
(
− L0 +N
2
)
, (4.16)
withN2 = n2−T 0jk. Using [36],A
(
−L0+N
2
)
is compact relative to L0. As the operator
Kjk is similar to A, we deduce that T
2
jk is compact relative to L
m
0 .
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3. Since Lm0 is self-adjoint in L
2
(
ϕ
)
and
(Lm − Lm0 )(n
2 − Lm0 )
−1 → 0 in operator norm as n→∞, (4.17)
according to Lemma 3.4 and Kato-Rellich theorem, Lm is self-adjoint. Furthermore,(
− Lm + n2
)−1
=
(
− L+ f(n)
)−1
, (4.18)
where f(n) = n2 − T 1jk. Using [3], L has a compact resolvent. Thus, we deduce that L
m
has a compact resolvent.
Let us show that
(
Lm − n2
)−1
−
(
Lm0 − n
2
)−1
is a trace class. For u ∈ ρ(Lm) ∩ ρ(Lm0 ),
we have
(Lm − u)−1 − (Lm0 − u)
−1 =
(
L − g(u)
)−1
−
(
L0 − g0(u)
)−1
, (4.19)
where g(u) = u− Tjk and g0(u) = u− T
0
jk.
Since u ∈ ρ(L), then g(u) ∈ ρ(L) ⊂ ρ(Lm). Similarly, we show that g0(u) ∈ ρ(L
m
0 ).
Thus,
(Lm − u)−1 − (Lm0 − u)
−1 = (Lm0 − u)
−1
[
(Lm − Lm0 )L
m
0 − u)
−1
+ 1
]−1
(Lm0 − L
m)(Lm0 )
−1, (4.20)
since
(
Lm − Lm0
)(
Lm0 + n
2
)− 1
2 is bounded. In fact, using the Proposition 2.7, we have
(
Lm − Lm0
)(
Lm0 + n
2
)− 1
2 =
(
T 1jk + T
2
jk
)(
Lm0 + n
2
)− 1
2 , (4.21)
and taking the norm, we get the result. It follows that
(
Lm0 + n
2
)− 1
2 ∈ B3
(
L2(ϕ)
)
.More-
over,
(
Lm0 −u
)−1
∈ B3/2
(
L2(ϕ)
)
. Therefore, we deduce that
(
Lm−n2
)−1
−
(
Lm0 −n
2
)−1
is a trace class. 
In the next theorem, we investigate the invariance of volume and integrated scalar curvature
under the perturbation of Lm0 from L
m.
Definition 4.4 The volume and integrated scalar curvature in noncommutative 2-torus are given,
respectively, by :
V (Dθ) := lim
t−→0+
tT rT mt , (4.22)
s(Dθ) :=
1
6
lim
t−→0+
[TrT mt − t
−1V ]. (4.23)
Theorem 4.5 Let V and s be the volume and integrated scalar curvature, respectively, on Dθ.
Then,
1. The volume V of Dθ is invariant under the perturbation from L
m
0 to L
m.
2. The integrated scalar curvature is not invariant under the same perturbation.
Proof:
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1. Using the relation (4.22), we have
V (Lm)− V (Lm0 ) = lim
t→0+
tT r(etL
m
− etL
m
0 ). (4.24)
Then, we need to compute Tr(etL
m
− etL
m
0 ). For that, we distinguish two cases of rj .
(i) For rj ∈ D
∞
θ , j ∈ {1, 2} and 0 < v ≤ t ≤ 1, we have
etL
m
− etL
m
0 =
∫ t
0
e(t−v)L
m
(Lm − Lm0 )e
vLm0 dv, (4.25)
and using 2 iterations, we get
etL
m
− etL
m
0 =
∫ t
0
e(t−v)L
m
0 (Lm − Lm0 )e
vLm0 dv −
∫ t
0
dt1e
(t−t1)L0(Lm − Lm0 )
×
∫ t1
0
dt2e
(t1−t2)Lm0 (Lm −Lm0 )e
t2Lm0
−
∫ t
0
dt1e
(t−t1)Lm(Lm − Lm0 )
∫ t1
0
dt2e
(t1−t2)Lm0 (Lm − Lm0 )
×
∫ t2
0
dt3e
(t2−t3)Lm0 (Lm −Lm0 )e
t3Lm0
≡ J1(t) + J2(t) + J3(t). (4.26)
Using the trace norm, we estimate all these terms. For that, we need to get the Bp−norm of
(Lm − Lm0 )e
tLm0 . For 0 ≤ v ≤ 1, we have∥∥(Lm − Lm0 )evLm0 ∥∥p ≤ ∥∥∥evT 0jk∥∥∥ v− 1p− 12 , (j, k) ∈ {1, 2}. (4.27)
We estimate the terms in (4.26), using the Ho¨lder inequality for Schatten norms and the
estimation of ‖I1(t)‖1, ‖I2(t)‖1, and ‖I3(t)‖1 in [3]. We get,
‖J1(t)‖1 ≤
∫ t
0
∥∥∥e(t−v)Lm0 ∥∥∥
p1
∥∥(Lm − Lm0 )evLm0 ∥∥p2 dv. (4.28)
According to (4.27), and [3, 36], we get the following relation
‖J1(t)‖1 ≤ α1 β1 t
−1/2, (4.29)
where α1 =
∥∥∥e(t−v)T 0jk∥∥∥ and β1 = ∥∥∥ev T 0jk∥∥∥. Similarly,
‖J2(t)‖1 ≤ α2 β2 γ2 c, (4.30)
where c ∈ R∗+ , α2 =
∥∥∥e(t−t1)T 0jk∥∥∥, β2 = ∥∥∥e(t1−t2)T 0jk∥∥∥, and γ2 = ∥∥∥et2T 0jk∥∥∥.
Considering the following relation,
∥∥(Lm − n2)−1∥∥ ≤ 2
n
, n ∈ N∗, (4.31)
we obtain the following estimation for J3(t)
‖J3(t)‖1 ≤ α3 β2 γ3 ‖I3(t)‖1 , (4.32)
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where α3 =
∥∥∥e(t2−t3)T 0jk∥∥∥ and γ3 = ∥∥∥et3T 0jk∥∥∥.
Since, ‖I3(t)‖1 −→ 0 as t −→ 0
+ (see [3]), then, we deduce that ‖J3(t)‖1 −→ 0 as
t −→ 0+.
Therefore,
V (Lm) = V (Lm0 ). (4.33)
(ii) For rj ∈ Dθ , we have
Lm − Lm0 = T
1
jk +
2∑
j=1
gjj
(
djBj + Cjdj
)
+
∑
j 6=k
gjk
(
djBk + Cjdk + CjBk
)
, (4.34)
where T 1jk, Bj , Cj , and Bk are bounded.
Let us compute all the integrals in the equation (4.26).
• According to the expression of J1(t) and the relation (4.34), we have
e(t−v)L
m
0 (Lm − Lm0 )e
vLm0 = e(t−v)L
m
0 (T 1jk +K1 +K2)e
vLm0
= E1 +E2 + E3. (4.35)
Thus,
J1(t) =
∫ t
0
E1 dv +
∫ t
0
E2 dv +
∫ t
0
E3 dv. (4.36)
Besides, ∫ t
0
E1 dv = T
1
jk I1(t), (4.37)
where I1(t) is given in [3, 36].
Thus, ∥∥∥∥
∫ t
0
E1 dv
∥∥∥∥
1
≤
∥∥T 1jk∥∥ ‖I1(t)‖1 . (4.38)
Moreover,
∫ t
0
E2 dv =
2∑
j=1
gjj
∫ t
0
e(t−v)L
m
0 djBj e
vLm0 dv
+
2∑
j=1
gjj
∫ t
0
e(t−v)L
m
0 Cjdj e
vLm0 dv (4.39)
and, after computation, we get
∥∥∥∥
∫ t
0
E2 dv
∥∥∥∥
1
≤ µ
2∑
j=1
gjjαj
(
‖Bj‖+ ‖Cj‖
)
t, (4.40)
with µ ∈ R∗+.
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Furthermore,∫ t
0
E3 dv =
∫ t
0
e(t−v)L
m
0
∑
j 6=k
gjk(djBk +Cjdk + CjBk)e
vLm0 dv. (4.41)
Analogously to the above calculation, we obtain
∥∥∥∥
∫ t
0
E3 dv
∥∥∥∥
1
≤ ν
∑
j 6=k
gjkαj ‖Bk‖ t+ αk ‖Cj‖ t+ ‖CjBk‖ , (4.42)
with ν ∈ R∗+.
Therefore,
‖J1(t)‖1 ≤ µ
2∑
j=1
gjjαj
(
‖Bj‖+ ‖Cj‖
)
t
+ ν
∑
j 6=k
gjk
((
αj ‖Bk‖+ αk ‖Cj‖
)
t
+ ν
∑
j 6=k
‖CjBk‖+
∥∥T 1jk∥∥ ‖I1(t)‖1 . (4.43)
Similarly,
‖J2(t)‖1 ≤ γ
2∑
j=1
gjjα2j
(
‖Bj‖
2 + ‖Cj‖
2
)
t3
+ γ
∑
j 6=k
gjk(α2j ‖Bk‖
2 + α2k ‖Cj‖
2)t3
+ γ
∑
j 6=k
gjk ‖CjBk‖
2 +
∥∥T 1jk∥∥ ‖I2(t)‖1 , (4.44)
and
‖J3(t)‖1 ≤ η
2∑
j=1
gjjα3j
(
‖Bj‖
3 + ‖Cj‖
3
)
t4
+ η
∑
j 6=k
gjk(α3j ‖Bk‖
3 + α3k ‖Cj‖
3)t4
+ η
∑
j 6=k
gjk ‖CjBk‖
3 +
∥∥T 1jk∥∥ ‖I3(t)‖1 , (4.45)
where (γ, η) ∈ R∗+.
Thus,
V (Lm)− V (Lm0 ) = lim
t→0+
tT r
(
‖J1(t)‖1 + ‖J2(t)‖1 + ‖J3(t)‖1
)
= 0. (4.46)
Therefore, for rj ∈ Dθ , the volume is invariant under perturbation from L
m
0 to L
m.
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2. The integrated scalar curvature is given by (4.23) and according to the perturbation of the
volume from Lm0 to L
m, we have
s(Lm)− s(Lm0 ) =
1
6
lim
t−→0+
[Tr(etL
m
− etL
m
0 )]. (4.47)
• Let us start with the case rj ∈ D
∞
θ , where j ∈ {1, 2}.
Using the relation (4.30) and [3], we deduce that TrJ2(t) −→ 0 as t −→ 0
+.
Since J3(t) vanishes, thus the computation of s(L
m)− s(Lm0 ) concerns only J1(t).
According to the Proposition 2.7, we have
s(Lm)− s(Lm0 ) =
1
6
lim
t−→0+
t
(
Tr
(
T 1jke
tLm0
)
+ Tr
(
T 2jke
tLm0
))
. (4.48)
Let us now compute Tr
(
T 1jk e
tLm0
)
and Tr
(
T 2jke
tLm0
)
, for all t > 0.
For j = 1, k = 2, and r ∈ D∞θ , we have Tr
(
dr1d1 e
tLm0
)
= Tr
(
dr1d2
)
= 0, Then,
for (j, k) ∈ {1, 2}, we deduce Tr
(
T 1jke
tLm0
)
= 0.
Moreover,
Tr
(
T 2jke
tLm0
)
= Tr
( 2∑
j=1
gjj(d2rj − 2πiGjdrj )e
tLm0
)
− Tr
(∑
j 6=k
gjk(2πiGkdrj + 2πiGjdrk)e
tLm0
)
. (4.49)
For j 6= k and r ∈ D∞θ , we have Tr
(
drje
tLm0
)
= Tr
(
drke
tLm0
)
= 0. Thus,
Tr
(
T 1jke
tLm0
)
= Tr
( 2∑
j=1
gjjd2rje
tLm0
)
and according to Lemma 3.4, the relation
(4.48) becomes
s(Lm)− s(Lm0 ) =
1
6
lim
t−→0+
tT r
( 2∑
j=1
gjjd2rje
tL0etT
0
jk
)
, (4.50)
where k ∈ {1, 2}. We perform the same computation as in [3], and deduce that there
exists K ∈ R∗+ such that
s(Lm)− s(Lm0 ) ≥ K. (4.51)
• For rj ∈ Dθ, with j ∈ {1, 2}, we have
s(Lm)− s(Lm0 ) =
1
6
lim
t−→0+
Tr
(
J1(t) + J2(t) + J3(t)
)
. (4.52)
Furthermore, according to the relation (4.43), we get
lim
t−→0+
TrJ1(t) = ν
∑
j 6=k
gjk ‖CjBk‖+
∥∥T 1jk∥∥ ‖I1(t)‖1 . (4.53)
From [3], it follows that lim
t−→0+
TrJ1(t) = ν
∑
j 6=k
gjk ‖CjBk‖ . Similarly, we obtain
lim
t−→0+
TrJ2(t) = γ
∑
j 6=k
gjk ‖CjBk‖
2
(4.54)
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and
lim
t−→0+
TrJ3(t) = η
∑
j 6=k
gjk ‖CjBk‖
3 . (4.55)
Thus,
s(Lm)− s(Lm0 ) =
∑
j 6=k
gjk
(
ν ‖CjBk‖+ γ ‖CjBk‖
2 + η ‖CjBk‖
3
)
,(4.56)
and, therefore, the result holds. 
5 Spectral triple on D∞θ
5.1 Volume form onD∞θ
Now, we investigate the invariance of the volume form under the perturbation from Lm0 to L
m.
We denote by T1 the self adjoint operator with a compact resolvent T˜1 = T1|N (T1)
⊥, where
N (T1) is the kernel of T1.
Definition 5.1 [5] The volume form on D∞θ is a linear functional given by:
v(x) :=
1
2
Trw(x|D˜|
−2P ), (5.1)
where, Trw is the Dixmier trace, D an operator, x ∈ D
∞
θ , and P is the projection on N (T )
⊥.
Lemma 5.2 [36] Let T1 be a self-adjoint operator with a compact resolvent such that T˜
−1
1 is
Dixmier trace-able. Then, for x ∈ D∞θ and every b ∈ ρ(T1),
T rw(xT˜
−1
1 P ) = Trw(x(T1 − z)
−1), (5.2)
where ρ is a resolvent.
Lemma 5.3 The operator ∂ : D∞θ −→ D
∞
θ defined as follows:
∂ =
2∑
j=1
(dj − 2πiGj), (5.3)
is a self-adjoint operator on D∞θ .
Proof: Since d : D∞θ −→ D
∞
θ is self-adjoint, thus, we deduce that for j ∈ {1, 2}, dj − 2πiGj :
D∞θ −→ D
∞
θ is self-adjoint. Therefore, we get the result. 
Definition 5.4 1. The unperturbed magnetic operator Dm0 : D
∞
θ −→ D
∞
θ is given by:
Dm0 =
(
0 dm1 + i d
m
2
dm1 − i d
m
2 0
)
. (5.4)
2. For r ∈ D∞θ , the perturbed magnetic operator D
m : D∞θ −→ D
∞
θ is defined as follows:
Dm = Dm0 +
(
0 dr
dr∗ 0
)
. (5.5)
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Definition 5.5 The unperturbed and perturbed volume forms associated with a magnetic Lapla-
cian are given by:
vm0 (x) :=
1
2
Trw(x|D˜
m
0 |
−2P ) and vm(x) :=
1
2
Trw(x|D˜
m|
−2
P ), (5.6)
where x ∈ D∞θ .
Remark 5.6 1. The unperturbed magnetic operator is given by:
Dm0 = D0 +G (5.7)
where
G = −2π i
(
0 G1 + iG2
G1 − iG2 0
)
. (5.8)
2. The perturbed magnetic operator is also written as follows:
Dm = D +G. (5.9)
3. When Gj = 0, for j ∈ {1, 2}, we obtain the unperturbed and perturbed operators defined
by Chakraborty and co-workers [3].
Theorem 5.7 The volume form associated with the magnetic Laplacian is invariant under the
perturbation from Lm0 to L
m.
Proof: It is obvious to have:
(Dm0 )
2 =
(
L˜m0 0
0 Lˆm0
)
, (5.10)
where L˜m0 and Lˆ
m
0 are given, respectively, by:
L˜m0 = L
m
0 + i d
m
2 d
m
1 − i d
m
1 d
m
2 −
∑
j 6=k
gjkdmj d
m
k (5.11)
and
Lˆm0 = L
m
0 + i d
m
1 d
m
2 − i d
m
2 d
m
1 −
∑
j 6=k
gjkdmj d
m
k . (5.12)
Furthermore,
(Dm)2 =
(
Lm1 0
0 Lm2
)
, (5.13)
with
Lm1 = L˜
m
0 + (d
m
1 + i d
m
2 )dr∗ + dr (d
m
1 − i d
m
2 ) + drdr∗ . (5.14)
and
Lm2 = Lˆ
m
0 + dr∗ (d
m
1 + i d
m
2 ) + (d
m
1 − i d
m
2 ) dr + dr∗dr. (5.15)
Let us consider P1 and P2, two projections onN (L
m
1 )
⊥ andN (Lm2 )
⊥, respectively. By Theorem
5.3 (see [36]), Lm1 and L
m
2 have compact resolvent and using the above Lemma 5.2 for Imy 6= 0,
we have
vm0 (x) = Trw(x(−L˜
m
0 − y)
−1
+ x(−Lˆm0 − y)
−1
). (5.16)
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Since (−Lmi − y)
−1 − (−Lm0 − y)
−1
is a trace class for i = 1, 2, then
vm(x) = Trw
(
x(−Lm1 − y)
−1 + x(−Lm2 − y)
−1)
= Trw
(
x(−Lm1 − y)
−1 + x(−L˜m0 − y)
−1)
+ Trw
(
x(−Lm2 − y)
−1 + x(−Lˆm0 − y)
−1)
+ Trw
(
x(−L˜m0 − y)
−1
+ x(−Lˆm0 − y)
−1)
= vm0 (x). (5.17)
Therefore, the volume form associated with the magnetic Laplacian is invariant under our pertur-
bation. 
5.2 Spectral triple
Let us recall some basic notions concerning the spectral triples.
Definition 5.8 [36] An even spectral triple for a ∗− algebra A is a triple
(
π,H,D
)
together
with a Z2 grading γ on H such that
1. The map π : A → L(H) is a ∗− representation such that π(x)γ = γπ(x) for x ∈ A.
2. The operator D is an unbounded operator with compact resolvent such that Dγ = −γD.
3. The commutator [D,π(x)] is bounded for every x ∈ A.
Definition 5.9 Let B be a ∗− algebra, K a Hilbert space, and D an operator. Then, the spectral
triples
(
B1,K1,D1
)
and
(
B2,K2,D2
)
are unitarily equivalent if there exists a unitary operator
V and a representation πl, for l ∈ {1, 2} defined as follows:
V : K1 −→ K2 such that D2 = V D1V
∗
and
πl : B2 −→ Kl , π2(x) = V π1(x)V
∗,
respectively,
In the rest of this work, we call the magnetic even spectral triple, the even spectral triple associated
with the magnetic Laplacian.
The next Lemma characterizes the magnetic even spectral triple. We consider the Hilbert
space H = L2(ϕ)⊕ L2(ϕ).
Lemma 5.10 Let Γ be the grading operator. Then,
1. The triple
(
D∞θ , L
2(ϕ)⊕ L2(ϕ),Dm0
)
is an unperturbed magnetic even spectral triple.
2. The triple
(
D∞θ , L
2(ϕ)⊕ L2(ϕ),Dm0
)
is a perturbed magnetic even spectral triple.
Proof: For the proof, we consider the grading operator given as follows: Γ =
(
I 0
0 −I
)
and
the ∗− representation π(x) = x where x ∈ D∞θ .
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1. It is obvious to see that xΓ = Γx, Γ∗ = Γ = Γ−1 and ΓG = −ΓG. Since Dm0 = D0 +G,
and according to [36], we have, ΓDm0 = −D
m
0 Γ. Furthermore, the dimension of kerD
m
0
is 2, and according to the relation (5.10), we conclude that the unperturbed magnetic Dm0
has a compact resolvent.
In addition, for x ∈ D∞θ , [G,x] is bounded, and using [3], we conclude that [D
m
0 , x] =
[D0, x] + [G,x] is bounded
2. Similarly, we obtain the result.

From [5], the next definition is formulated.
Definition 5.11 Let Ω1
(
D∞θ
)
be the universal space of 1− forms. Then, the representation π :
Ω1
(
D∞θ
)
−→ K is defined as follows:
π(x) = x and π
(
δm(x)
)
= [Dm, x]. (5.18)
Lemma 5.12 LetDm0 andD
m two operators both mapping toD∞θ fromD
∞
θ . Then, the following
relations hold:
1.
Dm0 = i
(
d1γ1 + d2γ2
)
− 2π i
(
G1γ1 + iG2γ2
)
. (5.19)
2.
[Dm, x] = [D, x]− 2π i
(
G1γ1 + iG2γ2
)
, (5.20)
where γ1, γ2 are the 2× 2 Clifford matrices.
Proof:
1. According to the relation (5.7) and using [3], we haveDm0 = i
(
γ1d1+γ2d2
)
−G.Moreover,
the matrix G is expressed as G = 2π iG1γ1 − 2πG2γ2. Thus, the relation (5.19) holds.
2. Using the relations (5.5), (5.7), and after computation, we get the result.

Now, we study the unitarity of the unperturbed and perturbed magnetic spectral triples.
Definition 5.13 [20] Let
(
π1,H1,D1
)
and
(
π2,H2,D2
)
be two even spectral triples such that
π = π1 + π2, H = H1 ⊕H2 and D = D1 +D2. Then,
(
π,H,D
)
is an even spectral triple, the
so called the direct sum of
(
π1,H1,D1
)
and
(
π2,H2,D2
)
.
We arrive at the following Proposition.
Proposition 5.14 Let X ∈ Dθ. Then, for r = X
n1 , and n1 ∈ Z, we have:
1. π(Ω1) = D∞θ ⊕D
∞
θ .
2. Ω2(D∞θ ) = 0.
Proof:
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1. According to the relations (5.18) and (5.20), we get
π
(
δm(x)
)
= π
(
δ(x)
)
− 2π i
(
G1γ1 + iG2γ2
)
. (5.21)
Setting Ω1(D∞θ ) = −2π i
(
G1γ1 + iG2γ2
)
and using the Lemma 3.4, we obtain
Ω1Dm(D
∞
θ ) = Ω
1
D(D
∞
θ ) + Ω
1
Tjk
(D∞θ ). (5.22)
Since Ω1D(D
∞
θ ) = D
∞
θ ⊕ D
∞
θ , performing the same calculation as in [3], we deduce that
Ω1Tjk(D
∞
θ ) = D
∞
θ ⊕D
∞
θ . Therefore, Ω
1
Dm(D
∞
θ ) = D
∞
θ ⊕D
∞
θ .
2. It is obvious. 
Thus, we obtain the following result.
Proposition 5.15 For r = Xn1 with n1 ∈ Z and X ∈ Dθ, the unperturbed magnetic and
perturbed magnetic spectral triples
(
D∞θ , L
2(ϕ)⊕L2(ϕ),Dm0
)
and
(
D∞θ , L
2(ϕ)⊕L2(ϕ),Dm
)
are not unitarily equivalent.
Proof: Using Lemma 3.4 and Theorem (4.4) [3], it suffices to study the unitarity of the even
spectral triples
(
D∞θ , L
2(ϕ) ⊕ L2(ϕ), T 0jk
)
and
(
D∞θ , L
2(ϕ) ⊕ L2(ϕ), Tjk
)
. According to the
above Proposition, Ω2(Dm) = 0, but Ω2(Dm) = Ω2(D) + Ω2(Tjk). Thus, using [36], we
deduce that Ω2Tjk(D
∞
θ ) = 0. Since Ω
2
T 0jk
(D∞θ ) = D
∞
θ , thus, the result holds. 
Let Km be the vector space of all magnetic derivations dm : D∞θ −→ D
∞
θ . K
m is identified
as the space of derivations given by [2], i.e the space of the form

2∑
j=1
cjd
m
j + [r, .], r ∈ D
∞
θ , cj ∈ C.

 .
Let B be any normed D∞θ − module. For δ
m ∈ Km, we consider the contraction Cδm :
B ⊗ Km −→ B.
Definition 5.16 The magnetic connection is a complex linear map defined by: ∇m : B⊗Km −→
B such that
Cδm∇
m(ξx) = Cδm∇
m(ξ)x+ ξ δm(x), ∀ δm ∈ Km. (5.23)
In addition, we define a magnetic connection as follows:
Cδm∇
m(ξx) = Cδ∇(ξx)− ξ αj(x), (5.24)
where αj = 2π i
2∑
j=1
cj Gj .
We assume that the maps ∇mj : B −→ B for j ∈ {1, 2} are given by the following relation
∇mj (ξ x) = ∇
m
j (ξ)x+ ξ d
m
j (x). (5.25)
Proposition 5.17 The map ∇m : B −→ B given by:
Cδm∇
m(ξ) =
2∑
j=1
∇mj ⊗ d
m
j −
∑
ξ Xn1 Y n2 ⊗ δn1n2 (5.26)
is a magnetic connection if ∇j ⊗ Gj = ξ
(
Gj ⊗ dj −Gj ⊗ Gj
)
.
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Proof: Since dmj = dj − βj , where βj = 2π iGj , thus
2∑
j=1
∇mj ⊗ d
m
j =
2∑
j=1
∇mj ⊗ dj − 2π i
2∑
j=1
∇mj ⊗Gj. (5.27)
Moreover,
∇mj (ξ x) = ∇j(ξ x)− ξ βj(x). (5.28)
Thus, using the relation (5.27), we obtain
∇m(ξ) = ∇(ξ) + γ(ξ), (5.29)
where
γ(ξ) = 2π i
2∑
j=1
(
ξ Gj ⊗ dj −∇j ⊗ Gj − ξ Gj ⊗ Gj
)
. (5.30)
According to [3], the map∇ is a connection. It follows that ∇m is a connection. 
Considering the definition of the connection, we consider the following relations.

Cβ∇ = Cdβ = 0
Cdr∇ = ∇r
Cdj∇ = ∇j
(5.31)
We consider L(B), the space of linear forms on B.
Definition 5.18 The curvature 2− form R : Km ⊗ Km −→ L(B) associated with the magnetic
connection ∇m is defined by:
R
(
δm1 , δ
m
2
)
= C[δm1 ,δm2 ]∇
m − [Cδm1 ∇
m, Cδm2 ∇
m]. (5.32)
Theorem 5.19 The curvature 2− form associated with the magnetic connection is not invariant
under the perturbation by inner derivation.
Proof: It suffices to show the relation between R
(
dm1 , d
m
2
)
and R
(
δm1 , δ
m
2
)
. Using the relations
(5.31) and (5.28), we obtain, respectively,
[Cδ1∇
m, Cδ2∇
m] = [Cδ1∇, Cδ2∇] (5.33)
and
[Cdm1 ∇
m, Cdm2 ∇
m] = [Cd1∇, Cd2∇]. (5.34)
Moreover,
[δm1 , δ
m
2 ] = [δ1, δ2] + 2π i
(
G2δ1 −G1δ2 + ψ21
)
, (5.35)
[dm1 , d
m
2 ] = [d1, d2] + 2π i
(
G2 d1 −G1 d2 + ψ21
)
. (5.36)
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Thus, using once (5.28), we obtain
C[δm1 , δm2 ]∇
m = C[δ1, δ2]∇+ 2π i
(
G2(∇1 +∇r1)−G1(∇2 +∇r2)
)
, (5.37)
and
C[dm1 , dm2 ]∇
m = C[d1, d2]∇+ 2π i
(
G2∇1 −G1∇2
)
. (5.38)
Therefore, according to the invariance condition of the curvature 2−form [3, 36], we have
R
(
δm1 , δ
m
2
)
= R
(
d1, d2
)
+ 2π i
(
G2(∇1 +∇r1)−G1(∇2 +∇r2)
)
. (5.39)
Futhermore,
R
(
dm1 , d
m
2
)
= R
(
d1, d2
)
+ 2π i
(
G2∇1 −G1∇2
)
. (5.40)
Therefore, using the relations (5.39) and (5.40), we get
R
(
δm1 , δ
m
2
)
= R
(
dm1 , d
m
2
)
+ 2π i
(
G2∇r1 −G1∇r2)
)
. (5.41)

6 Noncommutative 2d-dimensional space
In this section, we study the magnetic quantum stochastic differential equation (mqsde) in 2d-
dimensional noncommutative space and some properties of its solution. For more information on
the geometry of the simplest of noncompact manifolds (Euclidean 2d-dimensional space), see [3]
and [14].
6.1 Basic tools
For the integer d ≥ 1, we consider C0
(
R2d
)
as the C∗− algebra of complex valued continuous
functions on R2d wich vanish at infinity. The magnetic partial derivative on C0
(
R2d
)
in the k-th
direction is the operator ∂mk = ∂k − 2π iGk with k ∈ {1, 2, · · · , 2d}.
The space of smooth complex valued functions on R2d with compact support is denoted by
B∞c := C
∞
c
(
R2d
)
. Let us consider the Hilbert space of square integrable functions, L2
(
R2d
)
.
Then, the symmetric linear magnetic operator which maps on L2
(
R2d
)
with the domain B∞c is
defined by i∂mk , i∂
m
k = i∂k + 2π Gk.
We consider 〈, 〉 as the Euclidean inner product of Rd.
Definition 6.1 [3] The Fourier transform on the Hilbert space L2
(
R2d
)
is defined by:
gˆ(ǫ) = (2π)−d
∫
ei 〈ǫ,u〉g(u) du. (6.1)
The operator of multiplication by the function ψ is defined byMψ, and setting M̂ψ = F
−1Mψ F ,
we get i∂mj = i∂j +
〈
M̂ψ, T
0
jk
〉
.
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Definition 6.2 The 2−d dimensional magnetic operator is given by:
i ∂mj = i ∂j + M̂f(xjk) , (j, k) ∈ {1, 2} (6.2)
where
f(xjk) =
2∑
j=1
(
πiGjxj + 2π
2G2j
)
+
∑
j 6=k
(xj − 2π iGj)(xk − 2π iGk). (6.3)
We assume that the differential operator
2d∑
j,k=1
(dj −2π iGj)(dk−2π iGk) is the restriction of the
magnetic Laplacian ∆m on B∞c .
Definition 6.3 The continuous groups of unitaries in H˜ := L2
(
Rd
)
, the space of square inte-
grable functions on Rd, are defined as follows:{
(Xαg)(u) = g(u+ α)
(Yµg)(u) = exp i 〈u, µ〉 g(u),
(6.4)
where α , µ, u ∈ Rd, and g ∈ C∞c
(
Rd
)
.
It is straightforward to see that Xα and Yµ verify the following relations:

Xα1 Xα2 = Xα1+α2
Yµ1 Yµ2 = Yµ1+µ2
Xα1 Yµ1 = exp i 〈α1, µ1〉 Yµ1 Xα1
(6.5)
and the equation (6.5) takes the form:
Zu Zv = Zu+v e
(i/2)f(u,v), (6.6)
with f(u, v) = u1.v2 − u2.v1 such that u = (u1, u2) and v = (v1, v2).
Let B
(
H˜
)
be the space of bounded operators in H˜. For gˆ ∈ L1
(
R2d
)
, we set
a(g) =
∫
R2d
gˆ(u)Zudu. (6.7)
We denote by B∞ the ∗- algebra of elements of the form
{
a(g) s.t g ∈ C∞c
(
Rd
)}
, and B the
C∗-algebra generated by B∞. For (g, h) ∈ C∞c
(
Rd
)
, we set
(ĝ ⊙ h)(u) =
∫
gˆ(u− v)hˆ(v)e(i/2)f(u,v)dv , gN(u) = g¯(−u). (6.8)
Using the relation (6.5), it is obvious to verify that
a(g)a(h) = a(g ⊙ h) and a(g)∗ = a(gN). (6.9)
Corollary 6.4 [14] The linear functional φ on B∞ defined by
φ(a(g)) = (2π)−d
∫
g(u)du (6.10)
is a faithful trace on B∞.
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Definition 6.5 The magnetic 2d-parameter group of automorphisms of B is given by
ψα(a(g)) =
∫
R2d
ei〈α,u〉gˆ(u)Zudu, (6.11)
where α ∈ R2d and g ∈ C∞c
(
R2d
)
.
It is straightforward to see that for a(g) ∈ B∞, the map α −→ ψα(a(g)) is smooth.
Definition 6.6 For j ∈ {1, · · · , 2d}, the magnetic derivation is defined as follows:
δmj (a(g)) = a(∂j(g)) − 2π i a(Gj(g)), (6.12)
with g ∈ C∞c
(
R2d
)
.
Let us now look for the case of a Riemannian manifold. We study the volume form associated
with the magnetic 2d-dimensional Laplacian ∆m. Let us consider T mt as the contractive C0
semigroup generated by the magnetic Laplacian, and called the magnetic heat semigroup on R2d.
It is easy to verify that, for (j, k) ∈ {1, · · · , 2d}, T mt = Tt e
(t/2)T 0jk , where Tt is the classical heat
semigroup.
Proposition 6.7 Let T mt be the magnetic heat semigroup andMg be the multiplication operator
by the function g. Then,
1. Mg T
m
t is a trace-class.
2. Tr
(
Mg T
m
t
)
= (2π)d t−df(G1, G2).
Proof:
1. SinceMgT
m
t = FMg F
−1M
e
−(t/2)
∑
x2
j
+f(xjk)
, then,
Tr
(
MgT
m
t
)
= Tr
(
FMg F
−1M
e
−(t/2)
∑
x2
j
+f(xjk)
)
, (6.13)
and the kernel of the integral operator is given by
Kmt (u, v) = gˆ(u− v)e
−(t/2)w(v) , (6.14)
with w(v) =
∑
v2j + f(vjk). It is easy to see that K
m
t (u, v) is continuous in u and v and∫
|Kmt (u, u)| du <∞. Following [16], we deduce the result.
2.
Tr
(
MgT
m
t
)
=
∫
Kmt (u, u) du
= gˆ(0)e−2tπ
2G1G2
∫
e−(t/2)w(u)du. (6.15)
Moreover, w(u) =
(
u1 + τ
)2
+
(
u2 + σ
)2
− σ2 − τ2 where τ = 12π iG1 − π iG2 and
σ = 12π iG2 − π iG1. Setting f(G1, G2) = exp
(
(t/2)(4π2G1G2 + σ
2 + τ2)
)
, we obtain
Tr
(
MgT
m
t
)
= gˆ(0)f(G1, G2)
∫
e−(t/2)
(
(u2+σ)2+(u1+τ)2
)
du1du2
= f(G1, G2)Tr
(
MgTt
)
. (6.16)
According to [36], we get
Tr
(
MgT
m
t
)
= (2π)d t−df(G1, G2). (6.17)
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In particular, we define the volume as follows:
vm(g) := tdTr
(
MgT
m
t
)
. (6.18)
As in previous section, we give the analogue expression of the volume form using the Dixmier
trace.
Lemma 6.8 [3] For h, g1 ∈ L
p
(
R2
)
with 2 ≤ p < ∞, then MhM̂g1 is a compact operator in
Lp
(
R2
)
.
Lemma 6.9 [36] Let T be a square in R2 and h be a smooth function such that Supp(h) ⊆
int(T ). Let∆T be the Laplacian on T . Then, for ν > 0, T rw
(
Mh(−∆T+ν)
)−1
= π
∫
h(u)du.
Proposition 6.10 Let ∆m be the magnetic Laplacian and Mg be the multiplication operator by
the function g. Then, for ν > 0,
1. Mg
(
−∆m + ν
)−d
is of Dixmier trace class.
2. Trw
(
Mg(−∆
m + ν)
)−d
= πdvm(g).
Proof: Let h ∈ Dom(∆m) ⊆ L2
(
R2
)
. We get gh ∈ Dom(∆T ) and according to Lemma 3.4,
we have(
∆mT Mg −Mg ∆
m
)
(h) =
(
∆T Mg −Mg ∆
)
(h) +
(
T 0jkMg −Mg T
0
jk
)
(h). (6.19)
Using the Proof of Theorem 5.2 [3], we have(
∆mT Mg −Mg ∆
m
T
)
(h) = Bh+Ah, (6.20)
where B is given as in [3], and
A = −MT 0jk
g + 2i
( 2∑
j=1
π iGjM∂jg + 2π
2G2j
)
+ 2 igjk
∑
j 6=k
(
M∂jg − 2π iGj
)
.
(
∂k − 2π iGk
)
. (6.21)
From the relation (5.2) [3], we have
Mg(−∆
m + ν)−1 − (−∆mT + ν)
−1Mg = (−∆T + ν)
−1B(−∆+ ν)−1
+ [T 0jk,Mg](h). (6.22)
Using the fact that the derivations dj for j ∈ {1, 2} commute, we obtain
Mg(−∆
m + ν)−1 − (−∆mT + ν)
−1Mg = (−∆T + ν)
−1B(−∆+ ν)−1. (6.23)
The result is obtained following step by step [3]. 
Let us consider now the noncommutative case. Using the Lemma 3.4 in Section 2, we get the
following definition:
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Definition 6.11 The magnetic Lindbladian Lm0 generated by the magnetic derivation on B is
defined as follows:
Lm0 (a(g)) = L0(a(g)) + a(T
0
jkg), (6.24)
where (j, k) ∈ {1, 2}, g ∈ C∞c
(
R2d
)
and L0 is the Lindbladian on R
2d.
Since Lm0 = ∆ + T
0
jk and the operator T
0
jk is self-adjoint in L
2
(
R2d
)
, according to [3], the
operator ∆ has a self-adjoint extension in L2
(
R2d
)
. We deduce that Lm0 is a self-adjoint operator
in the same space. Thus, in this case, the magnetic heat semigroup is given by T mt = e
tLm0 ,
and using the Lemma and the fact that the operators are non commuting, we have T mt = Tte
t T 0jk
with (j, k) ∈ {1, 2}. Similarly to the previous sections, we can define the volume form on B∞ as
vm(a(g)) = lim
t−→0+
tdTr
(
a(g)T mt
)
. We therefore get:
Proposition 6.12 The volume form is given by
vm
(
a(g)
)
= f(G1, G2)
∫
g du (6.25)
Proof: It is similar to the Proof of the Proposition 6.7. The magnetic integral operator a(g)T mt in
the Hilbert space H has the kernel given by
K˜mt (u, v) = gˆ(u− v)e
−(t/2)w(v)eip(u,v)/2. (6.26)
It is obvious to see that K˜mt (u, u) = K
m
t (u, u). As K
m
t is continuous in R
2d, we deduce the
continuity of K˜mt in the same space. Since
Tr
(
a(g)T mt
)
= f(G1, G2)Tr
(
a(g)Tt
)
, (6.27)
using [14], we have
Tr
(
a(g)T mt
)
= (2π)d t−df(G1, G2). (6.28)
Thus, we get the result. 
6.2 Magnetic quantum stochastic process
The stochastic process associated with the heat semigroup in the case of classical (or noncom-
mutative C∗-algebra) of C0(R
2d) is the well known standard Brownian motion [36]. For the
noncommutative C∗-algebra A, Sinha and co-workers [3] studied the stochastic process associ-
ated with the heat semigroup in the case of B(L2(R)) by the Stone-von Neumann theorem on the
representation of the Weyl relation [14]:
(Uαf)(x) = f(x+ µ) , (Vµf)(x) = e
iα.xf(x), (6.29)
with qk, pk(k = 1, 2 . . . , n) playing the role of generators of Vµ and Uα, respectively. They
are the position and momentum operators in the Schrodinger representation. We consider the case
d = 1 and the following quantum stochastic differential equation in L2(R)⊗Γ(L2(R+, C
2)) [3]:{
dXt = Xt[−ip dw1(t)− iq dw2(t)−
1
2
(
p2 + q2
)
dt],
X0 = I
(6.30)
where w1, w2 are independent Brownian motions. The next Corollary gives the magnetic Lapla-
cian in the noncommutative 2− dimmensional space.
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Corollary 6.13 Let q and p be the magnetic momentum and position operators, respectively.
Then, the unperturbed noncommutative magnetic Laplacian is given by:
Lm0 = L0 + 1/2
2∑
j=1
(
p2j + 2πGjqj − 4π
2G2j
)
−
∑
j 6=k
gjk(qj − 2πGj)(qk − 2πGk). (6.31)
Proof: It is straighforward. 
In this work, let us consider the magnetic quantum stochastic differential equation (m.q.s.d.e)
in L2(R)⊗ Γ(L2(R+, C
2)) :{
dYt = dXt + YtT˜jkdt, (j, k) ∈ {1, 2}
Y0 = I,
(6.32)
where dXt is the quantum stochastic differential equation (6.30).
Theorem 6.14 1. The magnetic quantum stochastic differential equation (m.q.s.d.e) (6.32)
has a unique unitary solution.
2. If we set ht(y) = Yt(y ⊗ It)Y
∗
t , then for all y ∈ D
∞
θ , ht satisfies the magnetic quantum
stochastic differential equation (m.q.s.d.e) :
dht(y) = ht
(
− i[p, y]
)
dw1(t) + ht
(
− i[q, y]
)
dw2(t) + ht
(
Lm(y)
)
dt. (6.33)
Furthermore,
dht(y) = djt(y) + ht(Rˆjk(y))dt , (j, k) ∈ {1, 2}, (6.34)
where
Rˆjk(y) = T˜jky + yT˜jk. (6.35)
Moreover,
Eht(y) = e
tL(y) +Ht(Rˆjk(y)), (6.36)
where Ht is a primitive of ht.
Proof:
1. According to [3], the quantum stochastic differential equation dXt has a unique unitary
solution. Then, we deduce that dYt has a unique unitary solution.
2. Using Itoˆ′s formula and table [8, 9], we have
dht(y) = ht
(
− i[p, y]
)
dw1(t) + ht
(
− i[q, y]
)
dw2(t) + ht
(
Lm(y)
)
dt, (6.37)
where
Lm(y) = Lm0 y + y L
m
0 + y(p
2 + q2). (6.38)
Moreover, Lm0 = −
1
2(p
2 + q2) + T˜jk and according to [3], the equation (6.34) yields.
The integral form of equation (6.34) implies
ht(y) = jt(y) +Ht(Rˆjk(y)). (6.39)
Performing the same computation as in Section 1, we get the vacuum expectation.
Using the linearity of vacuum expectation, and [3], we obtain the result. 
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6.3 Properties of the mqsde solution
The goal of this section is to derive differents moments (first, second, and rth moments) and the
variance of the mqsde solution (6.34). We start by recalling the following Proposition, while the
main result is contained in the theorem below.
Proposition 6.15 [29] For everyX ∈ B0, there exists a sequence {v
(n)
t (X)}, t ≥ 0 of (ξ, v0,M)-
adapted processes satisfying
1. v
(0)
t (X) = X,
2. v
(n)
t (X) = X +
∫ t
0
∑
i,j≥0
v(n−1)s (θ
i
v(X))dΛ
v
i (s).
Theorem 6.16 Let ht(x) be the solution of the magnetic quantum stochastic differential equation
(6.34) and jt(x) the solution of the quantum stochastic differential equation (3.22). Then, for
x ∈ D∞θ , the r
th-moment and the variance are given by:

Eh
(r)
t (x) = Eh0(x) +
∫ t
0
Eh(r−1)s (L
m(x))ds,
V arht(x) = (L
m)−1(x)etL
m
.Lm(x)
(
1− e−tL
m
− etL
m
(x)
)
.
(6.40)
In addition, for (j, k) ∈ {1, 2}, we get

Eh
(r)
t (x) = Ej
(r)
t (x) +
∫ t
0
Eu(r−1)s (T˜jk)ds,
V arht(x) = V arjt(x)−m(Gt(T˜jk(x))), D
∞
θ ,
(6.41)
with
m(y) = y2 + 2y(Ejt(x) + 1). (6.42)
Proof: Using the integral form of (6.34) , the linearity of the vacuum expectation, and the follow-
ing relation
∫ t
0
Ehs(−i
2∑
k=1
[pk, x])dw2k−1(s) =
∫ t
0
Ehs(−i
2∑
k=1
[qk, x])dw2k(s) = 0, (6.43)
we have
Eht(x) = Eh0(x) +
∫ t
0
Ehs(L
m(x))ds. (6.44)
The solution of the above equation (6.44) is given by:
Eht(x) = exp(tL
m
0 )(x). (6.45)
According to Lemma (3.4) and [3], we obtain
ht(x) = jt(x) +Gt(T˜jk(x)), (j, k) ∈ {1, 2}, (6.46)
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where Gt is the primitive of ht, and the expectation of ht is
Eht(x) = Ejt(x) +Gt(T˜jk(x)), (j, k) ∈ {1, 2}. (6.47)
According to the above Proposition and the relation (6.43), we get
Eh
(r)
t (x) = Eh0(x) +
∫ t
0
Eh(r−1)s (L
m(x))ds. (6.48)
For r = 2 and once (6.43), we have
Eh
(2)
t (x) = Eh0(x) +
∫ t
0
Eh(1)s (L
m(x))ds, (6.49)
and the relation (6.44) implies Eh
(2)
t (x) = L
m−1(x)etL
m
(Lm(x)) − I. By definition of the
variance of ht and after calculation, we obtain the second equation of the system (6.40).
Besides, using the relation between L0 and T
0
jk, we obtain
h
(r)
t (x) = j
(r)
t (x) +
∫ t
0
h(r−1)s (T˜jk(x))ds, (6.50)
and the linearity of the vacuum expectation gives
Eh
(r)
t (x) = Ej
(r)
t (x) +
∫ t
0
Eh(r−1)s (T˜jk(x))ds. (6.51)
For r = 2, we obtain Eh
(2)
t (x) = Ej
(2)
t (x) +Gt(T˜jk(x)). Thus,
V arht(x) = V arjt(x)−Gt(T˜jk(x))
2 − 2Ejt(x)Gt(T˜jk(x))
− Gt(T˜jk(x)). (6.52)
Settingm(y) = y2 + 2y(Ejt(x) + 1) yields the result. 
7 Concluding Remarks
The magnetic quantum stochastic differential equation associated to the noncommutative mag-
netic Laplacian in a noncommutative 2− torus has been derived. It has been shown that the
volume and the volume form of a noncommutative 2− torus remain invariant under a perturba-
tion by inner derivation of the noncommutative magnetic Laplacian. The vacuum expectation
of the solution to the magnetic quantum stochastic differential equation in a noncommutative
2d-dimensional space has also been computed and discussed.
Acknowledgments
This work is supported by TWAS Research Grant RGA No. 17-542 RG/MATHS/AF/AC G -
FR3240300147. The ICMPA-UNESCO Chair is in partnership with Daniel Iagolnitzer Foun-
dation (DIF), France, and the Association pour la Promotion Scientifique de l’Afrique (APSA),
supporting the development of mathematical physics in Africa.
33
References
[1] B. BLACKADAR, K-theory for operator algebras, MSRI pub, 5, Springer-Verlag, New-York
1986.
[2] O. BRATTELI, G. A. ELIOTT, P. E. T. JORGENSEN, Decomposition of unbounded deriva-
tion into invariant and approximately inner parts. J. Riene Angew. Math. 346(1984), 93-166.
[3] P.S. CHAKRABORTY, D. GOSWAMI, K.B. SINHA, Probability and geometry on some non-
commutative manifolds, J. Operator Theory. 49(2003), 185-201.
[4] A. CONNES, C∗-algebre et ge´ometrie differentielle. C. R. Acad. Sci. Paris. 290(1980), 599-
604.
[5] A. CONNES, Noncommutative geometry, Academic Press, 1994.
[6] A. CONNES, M. DOUGLAS, A. SCHWARZ, Noncommutative geometry and matrix theory:
compactification on tori, JHEP, 02(1998), 003.
[7] M. P. EVANS, Existence of quantum diffusions. Probab. Theo. Relat. Fields. 81(1989), 473-
483.
[8] M. P. EVANS, R. L. HUDSON, Perturbations of quantum diffusions. J. London Math. Soc.
41(1990), 373-384.
[9] M. P. EVANS, R. L. HUDSON, Multidimensional quantum diffusions. Quantum Probability
and Application III . 1303(2006), 69-88.
[10] A. FATHI, A. GHORBANPOUR , M. KHALKHALI, The curvature of the determinant line
bundle on the noncommutative two torus.
[11] F. FATHIZADEH, M. KHALKHALI, On the scalar curvature for the noncommutative four
torus. J. Math. phys. 56 (2015), 062303.
[12] F. FATHIZADEH, M. KHALKHALI, Scalar curvature for the noncommutative four torus,
arXiv:1301.6135v1 [math.QA] 25 Jan 2013.
[13] F. FATHIZADEH , M. KHALKHALI, Scalar curvature for the noncommutative two torus.
J.Noncommut. Geom. 7 (2013), 1145-1183.
[14] G. B. FOLLAND, Harmonic analysis in phase space, Priceton Univ. Press, Princeton 1989.
[15] J. B. GELOUN, M. N. HOUNKONNOU, F. MASSAMBA, Moyal algebra: relevant properties,
projective limits and applications in noncommutative field theory. SUT. J. Math. 44(2008),
55-88.
[16] I. C. GOHBERG , M. G. KREIN, Introduction to the theory of nonselfadjoint Op erators,
Transl. Math. Monographs Vol. 18, Amer. Math. Soc., Providence, RI, 1969.
[17] D. GOSWAMI, A. PAL, K. B. SINHA, Existence of Evans-Hudson dilation in the C∗- alge-
braic set-up. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 3(2000), 177-184.
[18] D. GOSWAMI, K. B. SINHA, Hilbert modules and stochastic dilation of a quantum dynam-
ical semigroup on a von Neumann algebra. Comm. Math. Phys. 205(1999), 377-403.
34
[19] H. HELSON, Harmonic analysis, Addison-Wesley, 1983.
[20] A. HLEKSEEV, H. GAUSTERER, L. PITTNER, H. GROSSE, Geometry and quantum
physics: Proceedings of the 38. Internationale universita¨tswochen fu¨r kern-und teilchen-
physik, schladming, Austria, January 9-16, 1999.
[21] M. N. HOUNKONNOU, F. MASSAMBA, J. B. GELOUN, Two-dimensional noncommutative
field theory on the light cone, J. Geom. Sym. Phys. 6(2006), 38-46.
[22] R. L. HUDSON, P. ROBINSON, Quantum diffusions and the noncommutative torus, Lett.
Math. Phys. 15(1988), 47-53.
[23] M. KHALKHALI, Basic noncommutative geometry, European Mathematical Society, 2009.
[24] P. KRUSZYNSKI , S. L. WORONOWICZ, A noncommutative GELFAND-NAIMARK theo-
rem, J. Operator Theory. 8(1982), 361-389.
[25] G. LANDI, An Introduction to Noncommutative spaces and their geometries, Lecture Notes
in Phys. New Ser. Math. Monogr. Vol. 51, Springer-Verlag, 1997.
[26] J. M. LINDSAY AND K. B. SINHA, Feynman-Kac representation of some noncommu tative
elliptic operators. J. Funct. Anal. 147 (1997), 400-419.
[27] J. MADORE, An Introduction to noncommutative differential geometry and its physical ap-
plications, London Mathematical Society Lecture Note Series 206,1995.
[28] E. NELSON, Notes on noncommutative integration. J. Funct. Anal. 15 (1974) , 103-116.
[29] K. R. PARTHASARATHY, An Introduction to quantum stochastic calculus, Monographs
Math., Birkha¨user-Verlag, Basel 1992.
[30] M.V. PIMSNER AND D. VOICULESCU, Exact sequences for K-groups and Ext-groups of
certain crossed-product C∗-algebras. J.Operator. Theory. 4(1988), 93-118.
[31] M. REED, B. SIMON, Methods of modern mathematical physics, vol. 2, Academic Press,
1978.
[32] M. A. RIEFFEL, Noncommutative tori. A case study of noncommutative differential mani-
folds, Contemp. Math.105, Amer. Math. Soc, Providence, RI, 1997, 1990.
[33] S. ROSENBERG, The Laplacian on a Riemannian manifold, Cambridge Univ. Press 1997.
[34] M. SAKAMOTO, S. TANIMURA, An extension of Fourier analysis for the n−torus in the
magnetic field and its application to spectral analysis of the magnetic Laplacian. J. Math.
Phys.44, (2003).
[35] J. L. SAUVAGEOT, Tangent bimodule and locality for dissipative operators on C∗-Algebras.
Quan. Prob. & Applications IV, Lecture Note in Math, 1396, Springer Verlag, 1989, 322-
338.
[36] K. B. SINHA, Noncommutative geometry, probability and quantum mechanics. Proceedings
of contemporary problems in mathematical physics-ICMPA (2013), 135-179.
35
